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WEIGHTED QUATERNIONIC CAUCHY SINGULAR INTEGRAL
A. ELKACHKOURI AND A. GHANMI
Abstract. We investigate some spectral properties of the weighted quaternionic Cauchy trans-
form when acting on the right quaternionic Hilbert space of Gaussian integrable functions. We
study its boundedness, compactness and memberships to k-Schatten class, and we identify its
range. This is done by means of its restriction to the n-th S-polyregular Bargmann space of
second kind, for which we provide explicit closed expression for its action on the quaternionic
Itô–Hermite polynomials constituting an orthogonal basis. We also exhibit an orthogonal basis
of eigenfunctions of its n-Bergman projection leading to the explicit determination of its singu-
lar values. The obtained results generalize those given for weighted Cauchy transform on the
complex plane to the quaternionic setting.
1 Introduction
Let L2µ(H) := L2H(H; dµ) denotes the right Hilbert space of quaternionic-
valued square integrable functions on the quaternions H with respect to the
Gaussian density dµ = e−|q|2dλ, where dλ is the standard Lebesgue measure on
H ' R4. The associated norm denoted by ‖·‖H is the one induced from the
scalar product
〈f, g〉H =
∫
H
f(q)g(q)dµ(q). (1.1)
In the present paper, we introduce the weighted quaternionic Cauchy transform
(WQCT), with respect to the measure µ, defined as a singular integral operator
on L2µ(H) by considering
CHf(q) := 1
pi
∫
H
N (q, p)f(p)dµ(p) (1.2)
for q ∈ H, where N denotes the Cauchy kernel function given by
N (p, q) := ((p− q)−1p((p− q))− q)−1 . (1.3)
This weighted Cauchy transform is in fact a variant form of the one considered
in [10]. Here, we have taking into account the linearity of such transform when
acting on right vector spaces and the left slice regularity of the images when CH
acts on left slice regular functions
Our main purpose is to investigate some spectral properties of the WQCT in
(1.2). Mainly, we show that CH is a bounded and compact operator in L2µ(H).
Moreover, it belongs to k-Schatten class for every k > 2. We also give its
explicit action on the so-called n-th S-polyregular Bargmann space of second
kind A2n,slice realized as the space of L2-eigenfunctions of a slice differential
operator [4]. This was possible using the quaternionic Itô–Hermite polynomials
that constitute a complete orthogonal system in A2n,slice. Moreover, we study
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2 A. ELKACHKOURI AND A. GHANMI
the operator PnCH defined as the n-th Bergman projection of CH, Pn being the
n-Bergman projector onto A2n,slice given by
Pnf(q) =
1
pi
∫
H
e[q,p]∗ ?
q
sp Ln(|q − p|2?qsp)f(p)dµ(p), (1.4)
where the involved quantities are specified in the next section. Thus,we explicit
its Schwartz kernel function, we identify its range and determinate its singular
values, i.e the nonzero eigenvalues of |PnCH| := ((PnCH)∗PnCH)1/2. The obtained
results generalize in somehow those elaborated in [9, 18, 17] for the weighted
complex Cauchy transform on L2µ(C) defined by
CCf(z) := 1
pi
∫
C
f(ξ)
z − ξe
−|z|2dxdy; ξ = x+ iy, z ∈ C. (1.5)
This paper is organized as follows. In Section 2, we review from [4, 11], the
basic tools related to the structure of the n-th S-polyregular Bargmann space.
In Section 3, we study the basic properties of the weighted quaternionic Cauchy
transform CH, including boundedness, compactness, membership in k-Schatten
class and its explicit action on the quaternionic Itô–Hermite polynomials. De-
scription of its range is also discussed. In Section 4, we study its n-Bergman
projection PnCH on A2n,slice and the whole L2µ(H), and we obtain the singular
values as well as their exact asymptotic behavior.
2 Preliminaries
LetH denotes the real skew algebra of quaternions defined as the 4-component
extended complex numbers q = x0 + x1i + x2j + x3k ∈ H, where x0, x1, x2, x3 ∈
R, endowed with the Hamiltonian computation rules so that the imaginary
components i, j and k satisfy i2 = j2 = k2 = ijk = −1; ki = −ik = j. The
algebraic conjugate and the modulus are defined by x0 − x1i − x2j − x3k and
|q| = √qq, respectively. If S denotes the set of imaginary units I2 = −1,
identified to the unit sphere S2 in =H = Ri+Rj+Rk, then we can rewrite any
q ∈ H as q = reIqθ (polar representation) or as q = x+Iqy (slice representation).
Here r = |q| ≥ 0, Iq ∈ S, θ ∈ [0, 2pi[ and x, y ∈ R. The last representation gives
rise to the notion of slice plane CI := R+ RI, so that ∩I∈SCI = R and
H =
⋃
I∈S
CI =
⋃
I∈S˜
CI ,
where S˜ denotes the hemisphere of purely imaginary quaternions defined as
S˜ := {I = cos(φ)i + sin(φ) cos(ψ)j + sin(φ) sin(ψ)k; φ, ψ ∈ (0, pi)},
and endowed with surface area measure dσ(I) = sin(φ)dφdψ. Thereafter, |S˜|
will denote the area of S˜.
In accordance with the slice representation of quaternionic numbers, Gentili
and struppa were able in 2007 to develop the theory of slice regular functions
on specific domains of H and similar to the one of holomorphic functions on
complex domains [14]. A given quaternionic valued real differentiable function
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f on H ∼ R4 is said to be left slice regular and we write f ∈ SR(H), if
its restriction f |CI to any slice CI ; I ∈ S = {q ∈ H; q2 = −1}, satisfies the
Cauchy–Riemann equation ∂If = 0, where ∂If stands for the conjugate of the
left slice derivative,
(∂If)(x+ Iy) :=
1
2
(
∂
∂x
+ I ∂
∂y
)
f |CI(x+ yI). (2.1)
As specific space of these functions is the slice quaternionic Bargmann space
defined in [1] as
A2slice :=
f = ∑
n=0
qncn; cn ∈ H;
+∞∑
n=0
n!|cn|2 < +∞
 (2.2)
and can be seen as closed subspace of all slice regular functions f ∈ SR(H)
belonging to the Hilbert space L2µI(CI) := L
2
H(CI , dµI) endowed with the scalar
product
〈ϕ, ψ〉CI =
∫
CI
ϕ(x+ Iy)ψ(x+ Iy)dµI(q), (2.3)
where dµI(x + Iy) = e−x
2−y2dxdy. In [4], the space A2slice has been realized
as a specific L2-eigenspace of the semi-elliptic (slice) second-order differential
operator
2q = −∂s∂s + q∂s, (2.4)
where for q = x+ Iqy ∈ H, we have
∂sf(q) =

∂Iqf(x+ Iqy), if y 6= 0,
df
dx
(x), if y = 0. (2.5)
The generalization to the n-polyregular functions SRn(H), i.e., those whose
(n + 1)-th slice derivative ∂I
n+1 vanishes identically on H for every I ∈ S, is
performed by considering the eigenvalue problem 2qf = nf for f in L2µ(H).
Here, we focus our attention on the one defined as the n-th S-polyregular space
of second kind and denoted A2n,slice. More explicitly, the space A2n,slice is char-
acterized as the right H-vector space of all convergent series (on the whole H)
of the form
f(q) =
+∞∑
m=0
HQm,n(q, q)αm
belonging L2µI(CI). The occurring quaternionic coefficients αm are independent
of q and I, and satisfy the growth condition (clearly independent of I)
+∞∑
m=0
m!|αm|2 < +∞.
Above, the HQm,n stand for the (m,n)-th quaternionic Itô–Hermite polynomials
[11],
HQm,n(q, q) =
m∧n∑
`=0
(−1)``!
m
`
n
`
qm−`qn−`, (2.6)
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where here and elsewhere after m∧n = min(m,n) and m∨n = max(m,n). The
system ϕQm,n(q, q) := (pim!n!|S˜|)−1/2HQm,n(q, q) with varying m,n is orthonormal
in L2µ(H). For fixed n, they form a complete orthonormal system in A2n,slice,
endowed with the norm induced from (2.3). To authorize HQm,n taking negative
index, we have to use its hypergeometric representation
HQm,n(q, q) = cm,n
qmqn
|q|2(m∧n) 1F1
 −(m ∧ n)|m− n|+ 1
∣∣∣∣∣∣|q|2
 (2.7)
with
cm,n :=
(−1)m∧n(m ∨ n)!
|m− n|! . (2.8)
Here, 1F1 denotes the classical Kummer’s function [19, Ch. 6, p. 262]
1F1
 a
c
∣∣∣∣∣∣x
 = Γ(c)Γ(a)
∞∑
j=0
Γ(a+ j)
Γ(c+ j)
xj
j! (2.9)
for given a, c, x ∈ R with c 6= 0,−1,−2, · · · . Thus, we write
HQ−1,n(q, q) := −
qn+1
n+ 11F1
 1
n+ 2
∣∣∣∣∣∣|q|2
 . (2.10)
The performed sequence of spaces A2n,slice form an orthogonal slice Hilbertian
decomposition for L2µI(CI) [4],
L2µI(CI) =
+∞⊕
n=0
A2n,slice,
in the sense that for every ϕ ∈ L2µI(CI) there exists a sequence of quaternions
αIm,n, depending in I ∈ S, and satisfying the growth condition
pi
∞∑
m=0
∞∑
n=0
m!n!|αIm,n|2 < +∞ (2.11)
such that
ϕ(q) =
∞∑
m=0
ϕIn(q) =
∞∑
m=0
∞∑
n=0
HQm,n(q, q)αIm,n
with
ϕIn(x+ Iy) =
∞∑
m=0
HQm,n(x+ Iy, x− Iy)αIm,n. (2.12)
The functions ϕIn can be extended to the whole H leading to a S-polyregular of
order n− 1 by considering
ϕ˜In(x+ Jy) =
∞∑
m=0
HQm,n(x+ Jy, x− Jy)αIm,n (2.13)
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for any J ∈ S. Clearly, we have ϕ˜In ∈ A2n,slice. The situation is different when
considering functions f on H which admits a slice decompositions in terms of
the quaternionic Itô–Hermite polynomials, i.e. for each I ∈ S, we have
f |CI(q) =
∞∑
m=0
f In(q) =
∞∑
m=0
∞∑
n=0
HQm,n(q, q)αIm,n.
In this case the f In are S-polyregular but do not belong necessary to A2n,slice.
However, f In ∈ L2µ(H) (resp. f ∈ L2µ(H)) if and only if the coefficients satisfy
+∞∑
m=0
m!n!
∫
S˜
|αIm,n|2 < +∞ (resp.
+∞∑
m=0
+∞∑
n=0
m!n!
∫
S˜
|αIm,n|2 < +∞). (2.14)
This holds true when for example αIm,n are constant with respect to I. This
conditions is fulfilled if we restrict ourself to the space H2slice(H) of all quater-
nionic valued functions on H, f : H −→ H, whose restriction f |CI , belongs to
L2H(CI , dµI) for any I ∈ S˜ and such that
‖f‖∞ := sup
I∈S˜
‖f |CI‖CI (2.15)
is finite. We claim that ‖·‖∞ defines a norm inH2slice(H) and that (H2slice(H), ‖·‖∞)
is a Hilbert space which is contained in L2µ(H) and we have
‖f‖∞ ≤ |S˜|‖f‖H.
We conclude this section by noticing that A2n,slice ⊂ H2slice(H) and its elements
satisfy the estimation
|f(q)| ≤ e
|q|2
2√
pi
‖f‖CI (2.16)
for any I ∈ S. This to say that the evaluation map δqf = f(q), for every
fixed q ∈ H, is a continuous linear form on A2n,slice, and therefore A2n,slice is a
reproducing kernel Hilbert space, i.e., there exists some function Kn on H ×
H such that p 7−→ Kn(q, p) = Kn(p, q) belongs to A2n,slice and satisfies the
reproducing property f(q) = 〈Kn(·, q), f〉CI for every f ∈ A2n,slice. This kernel
function can be expanded as
Kn(q, p) =
∞∑
m=0
HQm,n(q, q)H
Q
m,n(p, p)
pim!n! . (2.17)
Its closed expression is given by [4, Theorem 3.6]
Kn(q, p) = e
[q,p]
∗
pi
?qsp L(|q − p|2?qsp), (2.18)
where |q − p|2?qsp denotes the regularization of the modulus function q 7−→ (p−
q)(p− q) with respect to the left star product ?qsp for S-polyregular functions in
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q, L the classical Laguerre polynomials and
e[a,b]∗ =
∞∑
k=0
akbk
k! .
Moreover, the integral operator
Pnf(q) =
∫
CI
Kn(p, q)f(p)dµI(p) (2.19)
is the orthogonal projection of L2µI(CI) on A2n,slice. The problem of extending Pn
to a larger Hilbert space can be handled by averaging the coefficients over the
hemisphere S˜. Thus, for each nonnegative integer n, we define the transform
Pn on H2slice(H) by the series
Pnf(q) =
1
|S˜|
∞∑
m=0
HQm,n(q, q)
∫
S˜
αIm,ndσ(I). (2.20)
which is absolutely and uniformly convergent on compact sets of H thanks to
(2.14). It belongs to A2n,slice and one recovers the (2.19) when f ∈ L2µI(CI).
This justifies the use of the same notation. Moreover, using the fact〈
HQm,n, f
〉
H = pim!n!
∫
S˜
αIm,ndσ(I)
and the orthogonality of HQm,n in L2µ(H), we can rewrite Pn in (2.20) as
Pnf(q) =
1
|S˜|〈Kn(·, q), f〉H, (2.21)
Thus, we have proved the following
Lemma 2.1. The transform Pn in (2.21) defines an orthogonal projection of
L2µ(H) onto the S-polyregular Bargmann space A2n,slice. Its integral representa-
tion is given by (2.21),
Pnf(q) =
1
pi|S˜|
∫
H
Ln(|q − p|2?qsp) ?qsp e[q,p]∗ f(p)dµ(p). (2.22)
Remark 2.2. For n = 0, P0 is the quaternionic Bergman projector on the slice
hyperholomorphic Bargmann space in (2.2).
Definition 2.3. We call n-th Bergman projection the transform Pn.
3 Weighted quaternionic Cauchy singular integral
In order to develop the quaternionic analogue of the Cauchy transform, one
can consider the kernel function p 7−→ (q − p)−1. However, this function is in
general neither left nor right slice regular, unless q ∈ R. Instead, one has to
consider the one given by the power series representation
N (q, p) =

−
+∞∑
`=0
q`p−1−`; p ∈ B|q|c
+∞∑
`=0
q−1−`p`; p ∈ B|p|.
(3.1)
WEIGHTED QUATERNIONIC CAUCHY SINGULAR INTEGRAL 7
where for given q ∈ H, we have denoted by B|q| := {p ∈ H; |p| < |q|} the ball of
radius |q| in H ≡ R4 and centered at origin and by B|q|c := {p ∈ H; |p| > |q|} the
complement of its closure. It turns out to be an appropriate combination of the
p-left and the q-right non-commutative Cauchy kernel series in the terminology
of Colombo and his collaborators (see e.g. [6, 12]). More precisely, the closed
expression is the one given by (1.3) or equivalently [6, Theorem 2.10]
N (q, p) = (q2 − 2q<(p) + |p|2)−1 (q − p)
for q ∈ H and p ∈ Vq := {p ∈ H, pq − qp 6= 0}. It should be mentioned here
that the Cauchy kernel function in (1.3) in variable p, can be identified as the
regular inverse (q − p)−? in the slice regular sense (see [15, 13], which is the
unique left slice regular extension of Cq 3 p 7−→ (q − p)−1. The next uniform
estimation is needed forthcoming investigation.
Lemma 3.1. For every 0 6 r < 2, we have
sup
q∈H
∫
H
|N (q, p)|rdµ(q) 6 |S˜|
pir−1
Γ
(
1− r2
)
, (3.2)
where Γ(·) is the Euler gamma-function.
Proof. By observing that the modulus |N(q, p)| is independent of Ip and Iq for
p = x+ Ipy and q = x′ + Iqy′ in H, we obtain∫
H
|N (q, p)|rdµ(p) =
∫
I∈S˜
∫
CI
|N (q, p)|rdµI(p)dσ(I)
=
∫
I∈S˜
∫
CIq
|N (q, p)|rdµIq(p)dσ(I)
= |S˜|
∫
CIq
|N (q, p)|rdµIq(p).
But since for p ∈ CIq , we haveN (q, p) = (q−p)−1 and therefore we can conclude
for (3.2) by appealing to Lemma 3.2 in [18]. 
Corollary 3.2. For the specific case of r = 1, we get
sup
q∈H
∫
H
|N (q, p)|dµ(p) 6 √pi|S˜|. (3.3)
Associated to the Schwartz kernel N (p, q), there are several ways to extend
the definition of weighted Cauchy transform in (1.5) to acts on the right quater-
nionic Hilbert space L2µ(H). Notice for instance that CIHf(q) and CSHf(q) below
are defined by means of slices, i.e., by restricting the occurred integral to a fixed
slice
CIHf(q) :=
1
pi
∫
CI
N (q, p)f |CI(p)dµI(p) (3.4)
for given fixed I ∈ S independently of q ∈ H, or to dynamic slice depending in
q, to wit
CSHf(q) :=
1
pi

∫
CIq
N (q, p)f(p)dµI(p); q ∈ H \ R,∫
R
f(t)N (t, x)e−t2dt; q = x ∈ R.
(3.5)
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Remark 3.3. We notice that the computation with CSH in (3.5) is quite similar
to the one considered in the complex setting [9, 18], and the restriction of CiHf |C
to the complex plane C = Ci with f being complex valued function on H reduces
also to (1.5).
Remark 3.4. The emplacement of the kernel function N (q, p) in the left hand-
side of the testing function f is required to get the linearity of the constructed
integral transform when acting on right vector spaces. Otherwise we have to reg-
ularize the product f(p)N (p, q) in the integrand to overcome technical difficulties
for the lack of commutativity. This follows a general scheme for constructing
linear quaternionic analogue of the classical integral transforms.
According to the last remark, we can suggest
C?Hf(q) :=
1
pi
∫
H
f(p) ?q?pN (q, p)dµ(p). (3.6)
One can also consider the singular integral operator defined by
CHf(q) := 1
pi
∫
H
N (q, p)f(p)dµ(p). (3.7)
The following result shows that the Cauchy transform CH can be seen as the
averaging operator of the I-slice Cauchy transform CIH over the hemisphere S˜
of purely imaginary quaternions.
Lemma 3.5. We have
CHf(q) =
∫
S˜
CIHf(q)dσ(I).
Proof. The identity is immediate by definition of the integral on H. 
Subsequently, the uniform boundedness of the operators CIH; I ∈ S˜, restricted
to A2n,slice, is a sufficient condition for the boundedness of CH on A2n,slice. In fact,
by applying the Cauchy-Schwartz inequality, we get
‖CHf‖2H = O
sup
I∈S˜
∥∥∥CIH∥∥∥2‖f‖2CI
 .
Now, since ‖f‖2CI is independent of I when f ∈ A2n,slice, we get ‖f‖
2
CI = O(‖f‖
2
H)
and therefore
‖CHf‖2H = O
(
sup
I∈S
∥∥∥CIH∥∥∥2
)
‖f‖2H.
Clearly, this argument is also valid for CH acting onH2slice(H). We note also that
the boundedness of CH can also be deduced by applying the Schur sufficiency
condition for boundedness of integral operator with Schwartz kernel. Below, we
present a variant proof.
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Theorem 3.6. The weighted Cauchy transform CH is a bounded and compact
linear operator from L2µ(H) to L2µ(H) with norm operator satisfying
‖CH‖ 6 |S˜|√
pi
.
Moreover, it belongs to the k-Schatten ideal of bounded operators Sk(L2µ(H)) for
every k > 2.
Proof. The Cauchy-Schwartz inequality and Lemma 3.2 imply
|CH(f)(q)|2 6 1
pi2
(∫
H
|N (q, p)|dµ(p)
) (∫
H
|N (q, p)||f(p)|2dµ(p)
)
6 |S˜|
pi3/2
∫
H
|N (q, p)||f(p)|2dµ(p).
Therefore,
‖CH(f)‖2H 6
|S˜|
pi3/2
∫
H
∫
H
|N (q, p)||f(p)|2dµ(p)dµ(q)
6 |S˜|
pi3/2
∫
H
|f(p)|2
(∫
H
|N (q, p)|dµ(q)
)
dµ(p)
6 |S˜|
pi3/2
sup
p∈H
∫
H
|N (q, p)|dµ(q)
 ‖f‖2H.
Finally, by Lemma 3.2 again, we get
‖CH(f)‖2H 6
(|S˜|)2
pi
‖f‖2H.
The compactness of CH follows in a similar way as in [18] for the complex Cauchy
transform (1.5). Indeed, using the estimation provided by Lemma 3.2 and the
fact that dµ is a finite measure on H, we get
∫
H
(∫
H
|N (q, p)|rdµ(p)
)k/r
dµ(q) 6 pi(|S˜|)
2
2
Γ
(
1− r2
)
pir−1
k/r
for every 1 ≤ r < 2, where t is its exponent conjugate 1/k+1/r = 1. Thus, since
|N (q, p)| = |N (p, q)|, the two requirements in Russo’s lemma [20], for compact-
ness and membership in k-Schatten class of integral operator with Schwartz
kernel, are satisfied.
Lemma 3.7 (Russo’s Lemma [20]). An integral operator of the form
Tf(y) =
∫
X
S(y, x)f(x)dν(x),
for given finite measure ν on X, belongs to the t-Schatten class as an operator
on L2(X, dν), if its kernel function satisfies∫
H
(∫
H
|S(q, p)|rdν(p)
)k/r
dν(q) and
∫
H
(∫
H
|S(q, p)|rdν(q)
)k/r
dν(p)
are finite for 1 ≤ r < 2 which is the exponent conjugate of k, 1/k + 1/r = 1.
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
Remark 3.8. The compactness of CH can also be studied by performing the
operator C∗HCH and proceed as in [3], where C∗H denotes the adjoint of CH defined
as operator from L2µ(H) into L2µ(H) by
C∗H(g)(p) =
1
pi
∫
H
N (q, p)g(q)dµ(q) = −1
pi
∫
H
N (p, q)g(q)dµ(q).
The theorem just proved and the upcoming ones remain valid for the Cauchy
transform C?H in (3.6). This readily follows by observing that C?H coincides with
CH in (3.7) (see Corollary 3.11 below). For the proof, we use the following
result giving the explicit expression for CH and C?H on the generic elements
em,n(q, q) := qmqn. For exact statement, we let εk stands for
εk =
 1 if k ≥ 0,0 if k < 0.
Proposition 3.9. For every nonnegative integers m,n and q ∈ H, we have
C?H(em,n) = CH(em,n) and
[C?H(em,n)] (q) = |S˜|
(
qmHQ−1,n(q, q)e−|q|
2 − n!εm−n−1qm−n−1
)
. (3.8)
Proof. We need only to prove the identity (3.8), since the computation of
CH(em,n) can be handled in a similar way to give rise to the right hand-side
in (3.8). To this end, we keep notation of the ball of radius B|q|, the comple-
ment of its closure B|q|
c and the hemisphere S˜ as above. Thus, making use of
the expansion series (3.1) of the Cauchy kernel N , we can rewrite (3.6) as
[C?H(em,n)] (q) =
1
pi
(∫
B|q|
pmpn ?q?pN (q, p)dµ(p) +
∫
B|q|
c p
mpn ?q?pN (q, p)dµ(p)
)
= 1
pi
+∞∑
`=0
(
q−1−`
∫
B|q|
pm+`pndµ(p)− q`
∫
B|q|
c p
m−1−`pndµ(p)
)
= 1
pi
+∞∑
`=0
q−1−`
∫ ∞
|q|
∫
S˜
∫ 2pi
0
rm+`+neI(m+`−n)θe−r
2
rdrdσ(I)dθ
− 1
pi
+∞∑
`=0
q`
∫ |q|
0
∫
S˜
∫ 2pi
0
rm−1−`+neI(m−1−`−n)θe−r
2
rdrdσ(I)dθ
= |S˜|qm−n−1
(
εn−m
∫ |q|2
0
tne−tdt− εm−n−1
∫ ∞
|q|2 t
ne−tdt
)
, (3.9)
where we have used the polar coordinates q = reIθ with r > 0, θ ∈ [0, 2pi] and
I in the hemisphere S˜, and next the change of variable t = r2. Above dr and
dθ are the Lebesgue measure on positive real line and unit circle, respectively.
Therefore, keeping in mind the expression ofHQm−1,n(q, q) in (2.10), we can check
(3.8) by observing that
ψn(|q|2) :=
∫ |q|2
0
tne−tdt = n!−
∫ ∞
|q|2 t
ne−t
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and using εn−m + εm−n−1 = 1, as well as
ψn(|q|2) = |q|
2(n+1)
n+ 1 1F1
 1
n+ 2
∣∣∣∣∣∣|q|2
 e−|q|2 (3.10)
which follows thanks to the integral representation of confluent hypergeometric
function [19, p. 275]
1F1
 a
c
∣∣∣∣∣∣x
 = Γ(c)Γ(a)Γ(c− a)ez
∫ 1
0
e−zttc−a−1(1− t)a−1dt (3.11)
with a = 1 and c = n+ 2. 
Remark 3.10. The result of Proposition (3.9) generalizes the one obtained in
[2] for the standard unweighted complex Cauchy transform on the monomials
zmzn.
Corollary 3.11. We have C?H = CH.
Proof. This readily follows form Proposition 3.9 since the polynomials em,n(q) =
qmqn are dense in L2µ(H). 
In order to provide concrete description of basic properties of CH, we need to
its explicit expression when acting on the quaternionic Itô–Hermite polynomials
HQm,n(q, q). From now on, we normalize the area measure on the hemisphere S˜
such that |S˜| = 1.
Theorem 3.12. The explicit action of CH on the orthonormal basis ϕQm,n =
(pim!n!)−1/2HQm,n, for every m > 0, is given by
[CHϕQm,n] (q) = −e−|q|
2
√
m
ϕQm−1,n(q, q), (3.12)
while for m = 0, we have[
CHϕQ0,n
]
(q) = − e
−|q|2
√
pin!
HQ−1,n(q, q).
Proof. Notice first that the specific case of m = 0 can be checked easily by
taking m = 0 in Proposition 3.9. Indeed,
CH(HQ0,n) = CH(e0,n) = −
qn+1
n+ 11F1
 1
n+ 2
∣∣∣∣∣∣|q|2
 e−|q|2
which is close to the hypergeometric function HQ−1,n(q, q) in (2.10).
For m > 0. we make use of (3.9) and the linearity of CH to have
CHHm,n(q) = qm−n−1
(
εn−mIm,n(|q|2)− εm−n−1Jm,n(|q|2)
)
,
with
Im,n(|q|2) := (−1)
mn!
(n−m)!
∫ |q|2
0
tn−m1F1
 −m
n−m+ 1
∣∣∣∣∣∣t
 e−tdt
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and
Jm,n(|q|2) :=
∫ ∞
|q|2 1F1
 −n
m− n+ 1
∣∣∣∣∣∣t
 e−tdt.
Direct computation making appeal to indefinite integrals for the confluent hy-
pergeometric function 1F1, see for instance [19, p. 266], or equivalently the
differentiation formulas in [5, 4, p. 73] with a = 1 − m, b = n − m + 2 and
c = 1 = k for the evaluation of Im,n(|q|2) and [5, 6, p. 73] with a = −n,
b = |m − n| and c = 1 = k for Jm,n(|q|2), keeping in mind the hypergeometric
representation of HQm−1,n(q, q) given through (2.7), we arrive at
Im,n(|q|2) = −qn−m+1HQm−1,n(q, q)e−|q|
2 = −Jm,n(|q|2). (3.13)
Therefore, the identity (3.12) follows since εn−m + εm−n−1 = 1. 
Remark 3.13. Green formula was employed in [2, 3, 8] to get the explicit
expression of the unweighted complex Cauchy transform on bounded domains
when acting on specific elementary functions. See also [18] for the weighted
complex Cauchy transform on the complex Itô–Hermite polynomials of total
degree great than 1. Adoption of similar approach for the quaternionic Cauchy
transform requires an appropriate quaternionic analogue of this famous Green
formula (which can be obtained starting from quaternionic version of Cauchy
representation theorem [6, 7]). Here, we have given a direct proof using the
expansion series of the kernel function combined with integral formula for special
function.
For every nonnegative integers m,n, we denote by ψm,n the Hermite functions
defined by
ψm,n(p) := −e−|p|2HQm,n−1(p, p) = CH(HQn,m)(p). (3.14)
Accordingly, for given nonnegative integer j, we perform the spaces
E+j = span{ψn,n+j; n = 0, 1, 2, · · · }
L2µ(H)
and
E−j = span{ψL
2
µ(H)
n+j,n ; n = 0, 1, 2, · · · }
as well as the spaces E` = E+|`| if ` ≥ 0 and E` = E−|`| when ` < 0.
Theorem 3.14. The spaces E`, for varying integer `, form an orthogonal
Hilbertian decomposition of the range of the weighted Cauchy transform CH in
L2µ(H).
Proof. We begin by noticing that ψn,m ∈ L2µ(H). Indeed, we have
‖ψn,m‖2H =
∥∥∥∥e−|p|2HQm−1,n∥∥∥∥2H ≤ |S˜|
∥∥∥∥HQm−1,n∥∥∥∥2CI <∞
by means of (v) in [18, Proposition 3.2]. Next, by Theorem 3.12, the hyperge-
ometric representation (2.7) of HQm,n and Fubini’s theorem, we can show that
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the orthogonality of the system (ψn,m)m,n in L2µ(H) is equivalent to the nullity
of the angular part in the integral giving 〈ψn,m, ψk,j〉H given by
Am,n,j,k :=
∫ 2pi
0
eIq(n+j−m−k)θdθ = 2piδm−j,n−k.
Indeed, direct computation shows that
〈ψn,m, ψk,j〉H = picm−1,ncj−1,kδm−j,n−k
∫ ∞
0
e−3ttm+n−1Rm,n,j,k(t)
tmin(m−1,n)+min(j−1,k)
dt, (3.15)
where the constants cm,n are as in (2.8) and Rm,n,j,k is given by
Rm,n,j,k(t) := 1F1
 −(m− 1) ∧ n|m− 1− n|+ 1
∣∣∣∣∣∣t
 1F1
 −(j − 1) ∧ k|j − 1− k|+ 1
∣∣∣∣∣∣t
 . (3.16)
Thus, for m − j = ` 6= n − k = `′, we have 〈ψn,m, ψk,j〉H = 0. This proves in
particular that the E`; ` ∈ Z, form an orthogonal sequence in L2µ(H). Moreover,
we have ⊕
`∈Z
E` = CH
 ∞⊕
n=0
A2n,slice
 .

Corollary 3.15. The functions ψn,m, for varying m = 0, 1, · · · , and fixed n,
(resp. for varying n = 0, 1, · · · , and fixed m) constitute an orthogonal system
in L2µ(H) whose square norm is given by
‖ψn,m‖2H =
pi
3m+n

4m−1((n)!)2
(n−m+ 1)!2F1
 1−m, 1−m
n−m+ 2
∣∣∣∣∣∣14
 ; m ≤ n+ 1,
4n ((m− 1)!)2
(m− 1− n)! 2F1
 −n,−n
m− n
∣∣∣∣∣∣14
 ; m ≥ n+ 1.
(3.17)
Proof. The orthogonality in L2µ(H) of the systems (ψn,m)m, for fixed n, and
(ψQn,m)n, for fixed m, readily follows from (3.15). We need only to compute its
norm. We have
‖ψn,m‖2H = pi(cm−1,n)2
∫ ∞
0
t|m−1−n|Rm,n,m,n(t)e−3tdt.
Thus, we get (3.17) by appealing to the integral formula [19, p. 293]. 
4 The k-Bergman projection of CH
The proposition just proved shows that the functions ψn,m = CHHQm,n; m;n =
0, 1, 2, · · · , belong to L2µI(CI) which possesses the slice orthogonal decompo-
sition in the sense described in the preliminaries section. Accordingly, the
determination of the component function of ψn,m = CHHQm,n in A2`,slice requires
the consideration of the orthogonal projection in (2.21).
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The next assertion gives the closed integral representation of PkCH, the k-
Bergman projection of the weighted Cauchy singular integral CH, in terms of
the special polynomials
HQ,?
q
m,n (q − p, q − p) :=
m∧n∑
`=0
(−1)``!
m
`
n
`
(q − p)?q(m−`) ?q (q − p)?q(n−`), (4.1)
obtained as the unique left slice polyregular extension in q and right slice
polyregular in q to the whole H of q 7−→ HQ,?qk−1,k(q−p, q−p) on Cp, for fixed p. It
is also the unique right slice polyregular extension in p and left slice polyregular
in p to the whole H of p 7−→ HQ,?qk−1,k(q − p, q − p) on Cq, for fixed q.
Theorem 4.1. The integral transform PkCH : L2µ(H) −→ A2k,slice is given by
PkCHf(q) =
∫
H
Rk(q, p)f(p)dµ(p) (4.2)
where Rk stands for
Rk(q, p) := 1
pik!e
−|p|2e[q,p]∗ ?
q
sp H
?
k−1,k(q − p, q − p). (4.3)
Proof. By means of (2.21), the definition of CH and the Fubini’s theorem,
PkCHf(q) =
∫
H
Kk(q, ξ)CHf(ξ)dµ(ξ) =
∫
H
Rk(q, p)f(p)dµ(p)
for q ∈ H, where the kernel function is given by
Rk(q, p) =
∫
H
Kk(q, ξ)N (ξ, p)dµ(ξ)
=
∞∑
m=0
HQm,k(q, q)
pim!k!
∫
H
HQm,k(ξ, ξ)N (ξ, p)dµ(ξ)
= −
∞∑
m=0
HQm,k(q, q)
pim!k! CHH
Q
k,m(p)
=
∞∑
m=0
HQm,k(q, q)
pim!k! H
Q
k−1,m(p, p)e−|p|
2
. (4.4)
Above we have made use of the expansion series of Kk as given by (2.17)
and the facts N (ξ, p) = −N (p, ξ), HQk,m(p, p) = HQm,k(p, p) = HQk,m(p, p) and
CHHQk,m(p) = CHHQk,m(p). The last equality (4.4) follows from Theorem 3.12.
Now, the function
R˜k(q, p) := e|p|2Rk(q, p) =
∞∑
m=0
HQm,k(q, q)
pim!k! H
Q
k−1,m(p, p)
is clearly left slice polyregular of order k + 1 in q and right slice polyregular of
order k in p, since it can be rewritten as
R˜k(q, p) =
k∑
j=0
qjf
(p)
j (q) =
k−1∑
j=0
g
(q)
j (p)pj
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with f (p)j (resp. g
(q)
j ) being left (resp. right) slice regular functions in q (resp. in
p). Moreover, Proposition 3.6 in [16] shows that the expression of R˜k(q, p) :=
e|p|
2Rk(q, p) reduces to
Ek(q, p) =
eqp
pik!Hk,k−1(q − p, q − p)
on CIp (resp. CIq) as function in q (resp. p) for fixed p (resp. q). Finally,
using Identity Principle for slice regular functions, one can proceed as in [4] to
prove that the function in the right hand-side of (4.3) (in the (q, p) variables)
is the the unique extension to left slice hyperholomorphic function in q and
right one in q outside of Cp and right slice hyperholomorphic in p and left slice
hyperholomorphic in p outside of Cq. Thus, we have
R˜k(q, p) = e
[q,p]
∗
pik! ?
q
sp H
Q,?q
m,n (q − p, q − p).
This completes the proof. 
Proposition 4.2. For every nonnegative integers k,m, n, there exists certain
nonzero real constant dm,nk such that
PkCHψm,n(q) = εn+k−md
m,n
k
pi(n+ k −m)!k!H
Q
n+k−m,k(q, q). (4.5)
In particular, the systems PkCH (ψm,n); n = 0, 1, 2, · · · , for fixedm, and PkCH (ψm,n);
m = 0, 1, 2, · · · , for fixed n are orthogonal in L2µ(H).
Proof. By taking into account the expansion series of the kernel given by (4.4),
we can rewrite the integral in (4.2) in terms of ψj,k in (3.14), as
PkCHf(q) =
∞∑
j=0
HQj,k(q, q)
pij!k!
∫
H
ψk,j(p)f(p)dµ(p),
so that for the specific function f = ψm,n, we see from (3.15) that the only
possible nonzero term corresponds to j = n+k−m under the assumption that
n+ k ≥ m. Thus, we have
PkCHψm,n(q) = εn+k−m
pi(n+ k −m)!k!d
m,n
k H
Q
n+k−m,k(q, q).
The constant dm,nk is given by d
m,n
k := 〈ψk,n+k−m, ψm,n〉H which is finite and
real. 
Remark 4.3. The polynomials HQn,k are eigenfunction of the operator PkCHCHMg,
where Mg is the multiplication operator by the Gaussian function Mg(f)(p) =
e−|p|
2
f(p). This clearly follows from the fact
PkCH (ψk,n) (q) =
∥∥∥∥CH(HQk,n)
∥∥∥∥2H
pin!k! H
Q
n,k(q, q). (4.6)
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Remark 4.4. The image of E+` by PkCH reduces to zero for all ` > k. Oth-
erwise, it is one dimensional vector space. While PkCH(E−` ) is always a one
dimensional vector space.
We conclude by giving the explicit sequence of eigenvalues of the integral
operator
|PkCH| := ((PkCH)∗PkCH)1/2 .
Proposition 4.5. The functions ψk,n; n = 0, 1, 2, · · · , are eigenfunctions of
|PkCH|2 = (PkCH)∗PkCH with λk,n := ‖ψk,n‖2/pin!k! as associated eigenvalues.
Proof. Notice first that the formal adjoint of PkCH is given by
(PkCH)∗g(p) =
∫
H
Rk(q, p)g(q)dµ(q).
Hence, from the expansion series of Rk(q, p) = Rk(p, q), we get
(PkCH)∗g(p) =
∞∑
m=0
e−|p|
2
HQm,k−1(p, p)
pim!k!
∫
H
HQm,k(q, q)g(q)dµ(q).
so that
(PkCH)∗(HQn,`)(p) = e−|p|
2
HQn,k−1(p, p)δk,`. (4.7)
This combined with (4.5) yield
(PkCH)∗PkCHψ`,n(p) = εn+k−`d
`,n
k
pi(n+ k − `)!k!(PkCH)
∗HQn+k−`,k(p)
= εn+k−`d
`,n
k
pi(n+ k − `)!k!e
−|p|2HQn+k−`,k−1(p, p)
= εn+k−`d
`,n
k
pi(n+ k − `)!k!CHH
Q
k,n+k−`(p) (4.8)
This shows in particular that for ` = k, we have
|PkCH|2ψk,n = ‖ψk,n‖
2
H
pin!k! ψk,n = λk,nψk,n.

Corollary 4.6. The singular values of PkCH are given by
skn =
1
3(n+k)/2

 4n−1(k)!
n!(k − n+ 1)! 2F1
 1− n, 1− n
k − n+ 2
∣∣∣∣∣∣14
1/2 ; n ≤ k + 1,
 4k(n− 1)!
nk!(n− 1− k)! 2F1
 −k,−k
n− k
∣∣∣∣∣∣14
1/2 ; n ≥ k + 1.
.
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Remark 4.7. The previous result shows in particular that the product of k-
Bergman projector with the weighted quaternionic Cauchy transform CH and its
complex analogue have the same singular values, up to multiplicative constant.
Subsequently, these singular values are asymptotically as
skn ∼
 4k(n− 1)!
3n+knk!(n− 1− k)!
1/2
for k is fixed and n large enough.
Remark 4.8. The previous result can be obtained using the integral represen-
tation of the operator (PkCH)∗PkCH,
(PkCH)∗PkCHf(p) =
∫
H
Sk(p, q)f(q)dµ(q) (4.9)
where the Schwartz kernel Sk is given by
Sk(p, q) :=
∫
H
Rk(ξ, p)Rk(ξ, q)dµ(ξ)
= e−|p|2−|q|2
∞∑
m=0
HQm,k−1(p, p)H
Q
m,k−1(q, q)
pim!k! . (4.10)
The last equality follows from (4.4) and the orthogonality of HQm,k.
Remark 4.9. For k ≥ 1, the kernel Sk is closely connected to the reproducing
kernel of A2k−1,slice,
Sk(p, q) = e
−|p|2−|q|2
k
Kk−1(p, q). (4.11)
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